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1. Recall that an algebraic closure F of a field F is an algebraic extension of F which
is algebraically closed.

(a) Show that F' is an algebraic closure of F'iff F is a maximal element in the class
of all algebraic extensions of F', partially ordered by inclusion.

(b) If 0 : E1 — Es is an F-homomorphism between two algebraic extensions of F,

then show that o extends to an F-homomorphism & : F; — F, between two
algebraic closures of F.

[5+15=20]

2. (a) Let F be a finite field of order ¢q. Let E be an extension of F' of degree n. Then
show that every irreducible polynomial of degree n over F' splits completely
over L.

(b) Prove that the product of all the monic irreducible polynomials over F of degree
dividing n equals X" — X.
(c) Prove that the total number of monic irreducible polynomials of degree n over
Fis 23 1 (%) ¢%, where p is the Mdbius function.
d/n

[5-+10+15=30]

3. (a) State completely and precisely the fundamental theorem of Galois theory.

(b) If F C F is a Galois extension of finite degree with Galois group G, B; C B,
are two intermediate fields with H; O Hs the corresponding subgroups of G
under the Galois correspondence, then show that Bs is Galois over B iff Hs is
normal in H;.

[5+15=20]

4. (a) If X is a division ring (skew field) and F = {x € X : xy = yx Yy € X} then
show that F'is a field.

(b) If X is finite, F' is of order ¢, and X is n-dimensional over F’, then show that

g =1

m
there are m proper divisors ay, - -, a,, of nsuch that ¢"—1=¢—1= > P

i=1
where m is the number of non-trivial conjugacy classes of X*.
(¢) Show that we must have m = 0.

[5-+5+10=20]

5. Prove that, for n > 3, a regular n-gon is constructible by FEuclidean methods iff
©(n) is a power of two. [10]



